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Abstract
The contribution of hadronic vacuum polarization (HVP) to the hyperfine split-
ting of the muonium ground state is evaluated with the account of modern experi-
mental data on the cross section of e+e− → annihilation into hadrons.
1
In the framework of the quasipotential method the particle interaction operator for
1γ- and 2γ- processes takes the form [1, 2, 3]:
V = V1γ + V2γ = V
c +∆V, (1)
V1γ = T1γ, V2γ = T2γ − T1γ ×Gf × T1γ ,
where V c is Coulomb potential, T1γ , T2γ are one- and two-photon scattering amplitudes
off the energy shell, [Gf ]−1 = (b2 − ~p2)/2µR is the free two-particle Green function (µR is
relativistic reduced mass) [4]. Then the corresponding correction in the energy spectrum
may be written as follows:
∆E =< ψcn|∆V |ψcn >, (2)
where ψcn is the ordinary Coulomb wave function. The hadronic vacuum polarization
contribution to the energy spectrum is determined by the Feynman diagrams represented
on figure by means (1). To take into account vacuum polarization in these one-loop
diagrams, we must do the following substitution in the photon propagator [2]
1
k2 + iε
→
(
α
π
)2 ∫ ∞
sth
ρ(s)ds
k2 − s+ iε , (3)
where the spectral function ρ(s) is connected with known cross section of e+e− - annihi-
lation into hadrons σh:
ρ(s) =
R(s)
3s
=
σh(e+e− → hadrons)
3sσµµ(e+e− → µ+µ−) , (4)
and σµµ(e
+e− → µ+µ−) = 4πα2/3s is the e+e−- annihilation cross section to muonic pair.
Introducing Feynman’s parameterization (parameter λ), we can write the contribution of
HVP to muonium ground state hyperfine splitting in the form [2]:
∆Ehhfs(µe) =
(
α
π
)2
memµE˜F
∫
∞
4m2pi
R(s)ds
3s
∫
1
0
16− 6λ− λ2
m2µλ
2 + s(1− λ)dλ, (5)
me, mµ, mpi are the masses of electron, muon and charged pion, E˜
F = 8α4m2em
2
µ/3(me +
mµ)
3 is the Fermi energy of the muonium. The inner integral in (5) can be calculated
analytically. For the calculation of external integral we have used the parameterization of
R(s), which accounts the modern experimental data on annihilation cross section of e+e−
into hadrons [5, 6, 7, 8, 9, 10, 11, 12, 13].
The cross section σh may be expressed as a sum of terms [2, 3]:
σh = σhpipi + σ
h
res + σ
h
background. (6)
The main contribution to the cross section σh is determined by the process e++ e− →
π++π−. The cross section of this reaction is proportional to the modulus squared of pion
form factor Fpi. The corresponding spectral function (4) may be presented in the form:
ρpipi(s) =
(s− 4m2pi)3/2
12s5/2
|Fpi(s)|2, (7)
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Figure 1: Feynman diagrams, defining the hadronic vacuum polarization contribution to
hyperfine structure of atom (µe)
Contrary to our recent calculation [14] to perform integrations in (5) for this case we have
used the expression of pion form factor, obtained in [15]:
Fpi(s) =
mρ
m2ρ − s− imρΓρ(s)
exp
{
− s
96π2f 2pi
Re
[
A
(
m2pi
s
,
m2pi
m2ρ
)
+
1
2
A
(
m2K
s
,
m2K
m2ρ
)]}
(8)
where the function
A
(
m2P
s
,
m2P
µ2
)
= ln
(
m2P
µ2
)
+
8m2P
s
− 5
3
+ σ3P ln
(
σP + 1
σP − 1
)
, σP =
√
1− 4m2P/s, (9)
Γρ(s) = − mρs
96π2f 2pi
Im
[
A
(
m2pi
s
,
m2pi
m2ρ
)
+
1
2
A
(
m2K
s
,
m2K
m2ρ
)]
, (10)
where fpi = 92.42 ± 0.07 ± 0.25 MeV [16], mK , mρ are the masses of K± and ρ mesons.
This pion form factor gives good description of the experimental data up to the energies of
the order of 1 GeV in terms of mpi, mK , mρ and fpi. To obtain the resonance contribution
to σh the Breit-Wigner representation has been exploited. The contribution of σhbackground
was found by fitting of the experimental points [5, 6, 7, 8, 9, 10, 11, 12, 13]. For description
of the experimental data we have used polinomial fit: R(s) =
∑n
k=0 ck(
√
s)k of high order
on n. The coefficients ck were determined by means of the least-squares method. The
region of
√
s > 60 GeV was described by QCD formula, following from the assumption of
the asymptotic freedom with six quarks. The results of our calculations are presented in
the table. The total contribution of HVP to hyperfine muonium splitting is equal to:
∆Ehhfs(µe) = (3.5988± 0.1045)
(
α
π
)2 memµ
m2pi
E˜F = 0.2397± 0.0070 kHz. (11)
This value is in accord with the result obtained in [3]: ∆Ehhfs = 0.250 ± 0.016 kHz. The
more than twice higher precision of (11) is explained by the account of new experimental
data and by more accurate data treatment [11]. The new value (11) allows to increase
the accuracy of testing radiative corrections to the ground state hyperfine splitting in
3
muonium. It is important because a precision of hyperfine muonium splitting measure-
ment in the new Los Alamos experiment is of order of 10−2 kHz. Much of theoretical
efforts was spent in the last years in order to calculate new contributions to the muo-
nium hyperfine splitting of a high degree in α and me/mµ [17, 18, 19]. Theoretical value
∆Ethhfs = 4463302.69 (1.34) (0.21) (0.16) kHz [17], taking into account (11), is in good
agreement with experimental result ∆Eexphfs = 4463302.88 (16) kHz [1]. The first and sec-
ond errors in ∆Ethhfs reflect the uncertainties in the measurements of α
−1 [20] and mµ/me.
The third error is purely theoretical and dominated by the coefficients in the α(Zα)2,
α(Zα)3 ln(Zα) corrections [18].
final state energy range
√
s, GeV ∆Ehhf.s(µe)/
(
α
pi
)2 memµ
m2pi
E˜F
ρ, ω → 2π (0.28, 0.81) 2.0518± 0.0134
ω → 3π (0.42, 0.81) 0.1869± 0.0061
φ 0.2122± 0.0077
J/Ψ 0.0538± 0.0059
Υ 0.0006± 0.0001
hadrons (0.81, 1.4) 0.5562± 0.0260
hadrons (1.4, 2.2) 0.2406± 0.0199
hadrons (2.2, 3.1) 0.1252± 0.0110
hadrons (3.1, 5.0) 0.0906± 0.0122
hadrons (5.0, 10.0) 0.0560± 0.0015
hadrons (10.0, 40.0) 0.0227± 0.0007
hadrons (40.0, 60.0) 0.0012± 0.0001
hadrons
√
s ≥ 60.0 0.0010
Summary contribution 3.5988± 0.1045
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